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Abstract
This article is a survey of the numerous questions raised by the diagrams in a seventh-century Sanskrit mathe-
matical commentary. Exploring the links between the original text, the manuscripts, and the edition of Bha¯skara I’s
¯Aryabhat
.
ı¯yabha¯s
.
ya, the enquiry ranges from the tools employed to draw geometrical figures to the diverse func-
tions that were assigned to drawings in geometry. Whether technical objects set down on a working surface or
testimonies of an oral explanation, diagrams deal with a part of mathematical reasoning which was not formulated
through written speech.
 2004 Elsevier Inc. All rights reserved.
Résumé
Cet article examine les questions soulevées par la présence de diagrammes dans un commentaire mathématique
en langue sanskrite datant du VIIème siècle après J.C. Explorant les liens entre texte, manuscrit, et édition de
l’ ¯Aryabhat
.
ı¯yabha¯s
.
ya de Bha¯skara I, cette enquête se penche tout autant sur les outils utilisés pour dessiner des
figures géométriques que sur les diverses fonctions assignées au diagrammes en géométrie. Qu’il s’agisse d’objets
techniques disposés sur une surface de travail ou de témoins d’une explication orale, les diagrammes y concernent
une part du raisonnement mathématique qui n’étais pas été formulée discursivement.
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As historians we try to recover the way mathematical objects were thought of or used in different times
and cultures. In doing this, it is important to understand how texts, the remaining traces of mathematical
activity in our possession today, inform us about ancient mathematical activities. We thus need to re-
construct the reasonings and practices that surrounded the texts, in order to recover the context in which
the texts were produced and used. For this purpose, diagrams are especially interesting objects.1 Indeed,
although they are written artifacts, diagrams are not linguistic testimonies of mathematical reasoning.
Studying mathematical drawings may thus be a step toward understanding aspects of mathematical prac-
tices that are not transmitted through written speech. This is the reason diagrams and pictures have
recently attracted the attention of historians and epistemologists of mathematics.2
Compared to many other civilizations, India has left us with a remarkable number of mathematical
manuscripts,3 some transcribing texts that date back to approximatively 600 B.C. This huge number of
manuscripts is surprising for a tradition which values the oral transmission of knowledge.
Scholarly treatises in pre-Muslim India were often composed as versified su¯tras (aphoristic rules) in
Sanskrit. These su¯tras were usually so condensed that they could not be understood on their own and
required a commentary. The more important the treatises were, the more commentaries they gave rise
to. Treatises were usually considered as “spoken” (uc-), whereas commentaries were “written” (likh-).
Astronomical treatises were no exception to this rule. And most mathematical texts that have come down
to us were somewhat autonomous chapters of astronomical treatises.
Despite the importance given to its oral transmission, mathematics in India was clearly an activity
which required writing. Indeed, rules in treatises indicated how to note numbers and draw diagrams. One
of the names of arithmetic was “dust work” or “board mathematics,”4 a reference to a working surface
on which elements were drawn or written. Diagrams, we suppose, were drawn on such working surfaces.
In the following we will see how diagrams appear in a specific text. We hope to highlight the limits
of what written testimonies tell us of ancient mathematical activities and explore ways to make diagrams
“speak” about such activities. We also will have opened a window into the mathematical world of a
seventh-century Indian astronomer.
This article will concentrate on a seventh-century Sanskrit commentary, written by an astronomer
called Bha¯skara I,5 on a late fifth-century versified astronomical treatise, the ¯Aryabhat
.
ı¯ya of ¯Aryabhat
.
a.
The ¯Aryabhat
.
ı¯ya has four chapters, Chap. 2 concentrating on gan
.
ita, or “mathematics.” In the following,
we focus on the contents of the mathematical chapter of the ¯Aryabhat
.
ı¯ya and of Bha¯skara’s comments on
1 In the following we will call “figure” the abstract idea of a mathematical object and “diagram” any drawn representation
of such an idea. This contrast may not always be relevant: practicing mathematicians will sometimes use mental diagrammatic
representations of figures. But this fact will not create any difficulties for our understanding of Bha¯skara’s text.
2 For studies on diagrams in mathematics, one can refer, for instance, to [Netz, 1999] for an investigation of Euclidean
diagrams, or [Brown, 1999] for a philosophical point of view. K. Chemla, in her seminar “History of Mathematics, History of
Text” at the research group REHSEIS of the CNRS in Paris, has for the past seven years pursued a historical reflection on this
theme, which triggered the writing of the present article.
3 See [CESS, vol. I, Introduction], where D. Pingree [Pingree] explains the motivation for his monumental and (after almost
50 years) still incomplete census of the mathematical and astronomical texts written in Sanskrit on the Indian subcontinent.
4 [Datta and Singh, 1935, 123].
5 Bha¯skara I is also called in secondary literature “the elder Bha¯skara” to distinguish him from the twelfth-century astronomer
bearing the same name, Bha¯skara II or “the younger Bha¯skara.”
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terize these drawings and reconstruct how they were drawn. Finally, we examine the different functions
that were assigned to diagrams in Bha¯skara’s commentary.
1. Diagrams in Bha¯skara’s text
Diagrams are an original part of Bha¯skara’s commentary on the ¯Aryabhat
.
ı¯ya, but not of the treatise
itself. This means that diagrams can be seen in the preserved manuscripts of the commentary, and in
its printed edition. Bha¯skara not only mentions these drawings, as we will see below, but also reserves
specific spaces within his written text where they should be drawn. He does so in such a way, that we
can locate precisely where the diagram had to be drawn with respect to the text. In the following we
will examine the editorial work on the diagrams of the printed edition before describing where and how
diagrams appear in the text of Bha¯skara’s commentary.
1.1. Edition and manuscripts
A printed version of Bha¯skara’s commentary was published by K.S. Shukla in 1976 for the Indian
National Science Academy (INSA).6 We have relied on this edition, the only one existing of Bha¯skara’s
commentary, which in spite of a certain number of limitations is the result of tedious editorial work.
Studying Bha¯skara’s text raises a certain number of difficulties. The first problem comes from the
state of the sources themselves. Only six manuscripts of the commentary are known to us, of which five
were used by Shukla to elaborate his edition.7 Five are in the Kerala University Oriental Manuscripts
Library (KUOML) in Trivandrum and one in the Indian Office (IO) in London.8 All manuscripts used
by Shukla stem from a common source, which itself may have been rather far removed from Bha¯skara’s
original text.9 This means that they all have the same basic pattern of mistakes, each version having its
own additional ones as well. They are all incomplete. Shukla used a later commentary of the text inspired
by Bha¯skara’s to provide a commentary on the final part of the last chapter of the ¯Aryabhat
.
ı¯ya. We do
not know the history of these manuscripts (who had them copied, why are they in the present library,
etc.), nor when they were written. The oldest known palm-leaf manuscripts of Sanskrit texts preserved
in India are generally not more than 500 years old. Most paper manuscripts of Sanskrit texts date back
to the 19th century. Therefore, there is probably more than a thousand years’ gap between Bha¯skara’s
original text and the remaining manuscripts. When different readings are found in the manuscripts, the
lack of historical contextualization and reflection on the relation of the manuscripts to the original text
6 [Shukla, 1976].
7 Four of the six remaining manuscripts of Bha¯skara’s commentary are made of dried and treated palm leaves which were
carved and then inked. The two others are paper manuscripts. Manuscripts do not preserve well in the climate of the subconti-
nent, as is noted in [Pingree, 1981, 118].
8 Shukla used four manuscripts from the KUOML and the one from the IO [Shukla, 1976, cxi]. A fifth manuscript was
uncovered by D. Pingree at the KUOML. As one of the manuscripts of the KUOML is presently lost it is difficult to know if
the “new one” is the misplaced old one or not. Furthermore, this manuscript is so dark that its contents cannot be retrieved any
more. See [CESS, vol. IV, 297].
9 [Shukla, 1976, cxii].
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will prevent us from pinpointing with accuracy what is part of Bha¯skara’s original text and what are later
variations.10
While the lack of primary material is a major difficulty, other problems stem from the quality of
Shukla’s edition. Editorial choices concerning textual arrangements (such as diagrams and number dis-
positions) are often, if not systematically, implicit. I have consulted four of the six manuscripts of the text
and can testify that dispositions of numbers and diagrams vary from one manuscript to the other. Dis-
crepancies between the printed text and the manuscripts further deepen the already existing gap between
Bha¯skara’s original text and the manuscripts.
Thus, all analysis of diagrams should be subject to great care, as we will try to unravel what are the
elements existing in Bha¯skara’s original text, what can be found in the manuscripts, and what is seen in
the printed edition.
In 1997, I obtained a copy of one of the manuscripts, Co 1712 of the KUOML (Manuscript D of
Shukla’s edition). It was most probably written in the 19th century.11 In the following, reproductions from
this manuscript will, as far as possible, be given together with pictures from the printed text, in order to
compare them. Because the manuscript is in quite a bad shape, many of its folios already being broken,
as illustrated in Fig. 1, there is sometimes no manuscript diagram available for an edition diagram.
10 Although it is probably impossible to reconstruct what Bha¯skara’s original text may have been, it is still important to keep
in mind the differences that exist between the original text and the manuscripts, especially because very few studies have noted
this. An important exception is [Sarma, 2002], which considers the dispositions of the Rule of Three, underlining discrepancies
between numerical dispositions described in a text and those adopted in manuscripts.
11 Personal communication of Dr. F. Voegli of the University of Lausanne, using epigraphical evidence. P.L. Shaji, a scribe of
the KUOML, believes the manuscript to be several hundred years older.
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mind that we do not know if what we are analyzing is an element of Bha¯skara’s original text or an
editorial innovation of either the manuscripts or the printed edition. The disparities between the diagrams
of the manuscript and those of the printed edition will help us understand in which way every element of
a diagram can be significant in providing information on mathematical activities and reasoning. In this
way we will not establish any certain fact about Bha¯skara’s practice concerning diagrams, but we will
raise elucidating questions on it. Further similar scrutinies might in the end help us to gradually map
diagrammatic activities in the Indian subcontinent.
1.2. Diagrams and the structure of Bha¯skara’s commentary
As was mentioned above, all diagrams considered here are part of Bha¯skara’s commentary; there are
no diagrams in the ¯Aryabhat
.
ı¯ya itself.12 Furthermore, all diagrams are found in the commentary on the
mathematical chapter of ¯Aryabhat
.
ı¯ya, none in the commentaries on the other chapters. Diagrams are
therefore in this case specifically mathematical objects.13
The mathematical chapter of the ¯Aryabhat
.
ı¯ya consists of 33 verses. Table 1 gives an idea of the diver-
sity of the problems that these verses engage with, according to Bha¯skara’s interpretation.14 We can apply
our own classification of mathematics to sort the subjects treated in this chapter. For instance, we would
consider that Verses 6 to 10 deal with geometry, Verse 30 with algebra, and Verse 11 with trigonome-
try. Bha¯skara gives his own definition of the subsubjects that constitute mathematics.15 This is how he
classifies the different topics ¯Aryabhat
.
a deals with, ascribing them to the “mathematics of quantities”
(ra¯s´igan
.
ita or “arithmetic”) and to the “mathematics of fields” (ks
.
etragan
.
ita or “geometry”)16:
apara a¯ha: gan
.
itam
.
ra¯s´iks
.
etram
.
dviddha¯’/ (. . . ) gan
.
itam
.
dvipraka¯ram ra¯s´igan
.
itam
.
ks
.
etragan
.
itam/
anupa¯takut
.
t
.
a¯ka¯ra¯dayo gan
.
itavis´es
.
ah
.
ra¯s´igan
.
ite ’bhihita¯h
.
, s´reddhı¯ccha¯ya¯dayah
.
ks
.
etragan
.
ite/
Another says: “Mathematics (gan
.
ita) is two-fold: quantity and field. (. . . ) Mathematics is of two kinds:
mathematics of fields and mathematics of quantities. Proportions, pulverizers, and so on, which are specific
〈subjects〉 of mathematics, are mentioned in the mathematics of quantities; series, shadows, and so on, 〈are
mentioned〉 in the mathematics of fields.
Even though Bha¯skara’s statement is elusive, we can understand that the following subjects belong
to what he calls geometry: measuring segments; computing areas and volumes of abstract objects such
as squares, triangles and spheres; considering successions of numbers and computing their sum or their
“number” (series or s´redhi); measuring the length of the shadow of a sundial or gnomon (s´an˙ku) or mea-
suring other related segments; applying such procedures to astronomical problems such as eclipses or to
12 As we shall see below, Verse 13 of the mathematical chapter of the ¯Aryabhat
.
ı¯ya alludes to methods to construct diagrams.
However, the treatise, which is considered an oral text, does not contain any drawn figure.
13 In the Ma¯habha¯skarı¯ya (MBh.5.60 [Shukla, 1960, 64]) our commentator refers to diagrams representing eclipses. Diagrams
were thus certainly of current use in astronomy. The use in Bha¯skara’s commentary of diagrams that are solely mathematical is
therefore a specific instance.
14 As underlined in [Hayashi, 1997], other interpretations of ¯Aryabhat
.
a’s verses were made by different commentators.
15 A first attempt at understanding these different subdivisions can be found in [Keller, 2000, vol. I, 2.1] and a second descrip-
tion in [Keller, forthcoming] (both in French).
16 [Shukla, 1976, 44, lines 15–16]. Geometrical figures are generically called fields (ksetra)..
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Contents of the chapter on mathematics (gan
.
itapa¯da) of the ¯Aryabhat
.
ı¯ya
Verse 1 Prayer
Verse 2 Definition of the decimal place value notation
Verse 3 Geometrical and arithmetical definition of the square and the cube
Verse 4 Square root extraction
Verse 5 Cube root extraction
Verse 6 Area of the triangle, volume of an equilateral tetrahedron
Verse 7 Area of the circle, volume of the sphere
Verse 8 Area of a trapezium, length of inner segments
Verse 9 Area of all plane figures, chord subtending the sixth part of a circle
Verse 10 Approximate ratio in a circle of a given diameter to its circumference
Verses 11–12 Derivation of sine and sine-difference tables
Verse 13 Tools to construct circles, quadrilaterals and triangles, vertical and horizontal lines
Verses 14–16 Gnomons
Verse 17 Pythagorean Theorem, inner segments in a circle
Verse 18 Intersection of two circles
Verses 19–22 Series
Verses 23–24 Finding two quantities knowing their sum and squares or product and difference
Verse 25 Commercial problem
Verse 26 Rule of Three
Verse 27 Computations with fractions
Verse 28 Inverting procedures
Verse 29 Series, first degree equations with several unknowns
Verse 30 First degree equations with one unknown
Verse 31 Time of meeting
Verses 32–33 Pulverizer (indeterminate analysis)
traditional problems such as the breaking of a bamboo rod and the sinking of a lotus. All of the diagrams
in the commentary on the mathematical chapter appear within subjects that are part of ks
.
etragan
.
ita,
“geometry,” as Bha¯skara understands it.
The commentary follows a systematic pattern. Bha¯skara glosses ¯Aryabhat
.
a’s verses following the
order in which they appear. He may comment upon half a verse, whole verses or two verses at a time.
The structure of the commentary on each verse is summarized in Table 2. This structure can be found in
other mathematical commentaries as well.17
The commentary of a verse starts with an introductory sentence. It is followed by a quotation of the
text to be glossed. Then comes what we call a “general commentary” of the verse. Its aim is to remove
all the ambiguities that arise from the verse because of its elliptic short form. A “general commentary” is
mainly syntactical and grammatical. It spells out all the different steps of a general procedure. Debates
are staged, and the validity of algorithms and definitions are discussed here.
A “general commentary” is followed by a succession of solved examples, which reveal the different
applications of an algorithm. They give a procedure its substance: the kind of problem it gives an answer
to or the larger procedure it can be integrated within, the different type of results it can yield, the different
interpretations it can lead to, etc. Solved examples also follow a standard pattern. After an example
17 See, for instance, [Jain, 1995].
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Structure of the commentary on a verse
Introductory sentence
Quotation of the half, whole, one and a half, or two verses to be commented on
“General commentary”
Word-by-word gloss, staged discussions, general explanations, and verifications
“Solved examples” (uddes´aka)
Versified Problem
“Setting down” (nya¯sa)
“Procedure” (karan
.
a)
(uddes´aka) is announced, a versified problem is stated. It is followed by a “setting down” (nya¯sa) of
the elements given in the problem on a working surface. Precisely this part of the text opens a window
into mathematical practices that are not linguistic: numbers are noted on the working surface in a tabular
fashion, and diagrams are drawn on it. Thanks to the “setting-down” statement, we know exactly where,
in relation to the written text, the diagram should be placed.
The “setting down” is followed by a reasoning (karan
.
a, here translated as “procedure”) exposing the
resolution of the example.
The printed edition of Bha¯skara’s commentary contains 56 diagrams.18 Roughly 73% (41 out of 56) of
these are found in the “setting-down” part of the solved examples, 9% (5 out of 56) in their “resolution,”
and 18% (10 out of 56) in the “general commentary.”
Let us now turn to the diagrams themselves.
2. Looking at diagrams
2.1. Vocabulary
Chedyaka is the Sanskrit word from the commentary that we have translated as “diagram.”19 Etymo-
logically it means “what can be cut.” This may be a reference to the process by which, when the inner
segments of a geometrical figure are drawn (such as heights and diagonals), the original figure seems to
be cut into several smaller figures.20 Another word is used once, a¯lekhya. It literally means “what should
be written, drawn,” and consequently “drawing.” In most cases, diagrams are referred to by a composite
18 The manuscript KUOML Co 1712 that I consulted contains only 48 diagrams, however many of the folios are broken.
19 This word is used in relation to a specific diagram, the one in the commentary on Verse 11, illustrated in Fig. 13 (p. 296). But
since it also occurs in the Maha¯bha¯skarı¯ya, in relation to a totally different subject, we can infer that it was used by Bha¯skara
as a generic name for such technical drawings.
20 This interpretation is suggested by the description of the construction of the diagram in the commentary on Verse 11. See
BAB.2.11 [Shukla, 1976, 78, line 40 sqq.] for the Sanskrit and [Keller, 2000, vol. II, BAB.2.11], for an English translation.
K. Chemla has also suggested that the word could refer to the “cutting out” of a shape, as when we use scissors to cut a piece
of paper.
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Shukla, 1976, p. 65
Shukla, 1976, p. 64–65 KUOML Co 1712, Folio 42 recto–verso
Fig. 2. Trapeziums.
expression, such as “a drawn field,” or “a field 〈which〉 is set down.” The verb used for “drawing” (likh-)
is the same as for “writing” and means “to dig, scratch,” possibly an allusion to the way one writes on
palm leaves.
2.2. Diversity
As we go through Bha¯skara’s commentary we can distinguish several types of diagrams. Some rep-
resent simple geometrical figures, such as the trapeziums reproduced in Fig. 2 and the triangles in
Fig. 12 (p. 295). However, the representations can be more complex and include several geometrical
figures, such as the square with inner triangles and rectangles in Fig. 8 (p. 290) and the hexagon and
triangles within a circle in Fig. 13 (p. 296). Some represent three-dimensional objects, such as the piles
of squares and cubes in Fig. 11 (p. 294). Others are drawn from seemingly concrete situations, such as
the “Hawk and Rat” problems illustrated in Fig. 5 (p. 284).
Numbers specifying the lengths of certain segments are noted in the drawings. Here we can see some
striking differences between diagrams in the manuscript KUOML Co 1712 and those in the printed
edition. In the manuscript, the interior segments do not have numbers, but in the edition they occasionally
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Shukla, 1976, p. 69 KUOML Co 1712, Folio 42 verso
Fig. 3. Two mirror diagrams of the same triangle.
do. Some diagrams are endowed with letters in the edition, but not in the manuscript, as in Figs. 4, 5,
and 13 (p. 296). The diagrams in the manuscript are drawn in little boxes that separate them from the
text. Strikingly, they are not drawn with accuracy or proportion, they do not have any titles and are not
numbered. In the printed edition however, a specific space distinctly separated from the text is allotted to
the diagrams. As specified in Shukla’s introduction,21 the diagrams were labeled and numbered.
Neither in the manuscript nor in the edition are letters (or syllables) used to label the vertices of
segments in figures.22 This has some consequence on the differentiation of diagrams, as will be discussed
in the following section.
2.3. Mirror images
None of the different “authors” of the diagrams (that is, Bha¯skara, the scribes, or K.S. Shukla) seem
to discriminate between figures that are mirror images of one another. This becomes clear as we analyze
an apparent “misprint” in the diagrams of the printed edition. In Fig. 3, two representations of the same
triangle (a scalene triangle with sides 14, 13, 15) can be seen: one is drawn when computing its area
according to the rule given in Verse 6, the other when “verifying” its area according to the rule given
in Verse 9. They are mirror images of one another in the printed edition. Because of the vagueness with
which the diagrams are drawn in the manuscript, such a difference cannot be found there. However, mea-
sures of areas and segments, whose determination is the purpose of Bha¯skara’s geometry, are not altered
by transformations such as mirroring. Therefore Bha¯skara, like the scribe who wrote the manuscript,
could have considered these two triangles to be the same.
21 [Shukla, 1976, Introduction, 10.2.iii, cxv].
22 We will see below that the syllables found in the printed edition are used to indicate cardinal directions.
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Fig. 4. A circle, its bow fields and inner rectangle.
Shukla, 1976, p. 102 KUOML Co 1712, Folio 60 recto
Fig. 5. Fish and Hawk problem.
2.4. Orientation
The absence of letters for vertices does not prevent Bha¯skara from giving an orientation to geometrical
figures when he needs one. For this purpose he uses cardinal directions. In Sanskrit, the same word, pu¯rva,
is used for East and “in front,” pas´ca¯t for West and “behind,” uttara for North and “left,” and daks
.
ina
for South and “right.” Figs. 4, 5, and 13 (p. 296) use such orientations, which are indicated by Bha¯skara
within the written text. This means that he mentions, for instance, their eastern parts. In the printed
edition, references to cardinal points appear in the diagram itself, as abbreviations. These letters are not
to be found in the diagrams of the manuscript KUOML Co 1712. In Fig. 4 this difference is striking, as
the printed edition not only presents initials for the four cardinal directions outside of the circle, but also
inserts arrows inside the drawing and numbers indicating measures of length; the manuscript has no such
notations at all. In the diagram from the printed edition reproduced in Fig. 5, two cardinal directions are
indicated at the top and on the right (here the North is represented at the top as is usual in Europe, in
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orientation of the diagram is given by Bha¯skara in the text of his commentary.
Besides this straightforward orientation, the names given to the sides of a geometrical figure may
confer an implicit positioning in space. Indeed, the word “earth” (bhu¯, dhatrı¯, etc.), used for the base of
a triangle and a trapezium, always seems to refer to a horizontal segment, the lowest possible in a given
diagram. This property is manifest in the following two examples where the traditional orientation of a
triangle and a trapezium is disturbed.
In the first example, a “tilted trapezium”23 is considered in the commentary on the first half of Verse 9.
Bha¯skara would usually describe the two parallel sides of a trapezium as “earth” (for the base) and
“face” (for the opposite side),24 as illustrated in Fig. 9 (p. 292). In this specific case, however, the parallel
sides are called “face” (mukha) and “prati-face” (pratimukha, where the prefix “prati” does not have any
particular meaning). Bha¯skara thus invents a new expression that suggests that there are two parallel
“faces” in this figure.25 The following quotation shows how the tilted trapezium appears in the text, and
how its sides are referred to26:
anaya¯ dis´a¯ prakı¯rn
.
aks
.
etre phalam svadhiya¯ abhyu¯hyam—tad yatha¯-
mukham eka¯das´a dr
.
s
.
t
.
am pratimukham api ucyate tatha¯ ca nava|
a¯ya¯mah
.
vis´atikah
.
phalam asya kiyat bhavet gan
.
aka‖
nya¯sah
.
-
In this way, with one’s own intellect the area is inferred in miscellaneous fields. It is as follows:
The face is seen as eleven and then the opposite face is said to be nine|
The height is twenty. What should be its area, calculator?‖
Setting down:
Shukla, 1976, p. 69
The second example appears in the commentary on Verse 16, which deals with the shadows of two
gnomons (see Fig. 6). In this case, the height of the light source is called the base (bhuja¯), whereas the
23 This is my own description. Bha¯skara puts it under the category “miscellaneous fields” (prakı¯rn
.
aks
.
etra) and does not refer
to it as a trapezium (dvis
.
ama/vis
.
amacaturas´ra). However, the resolution of the problem shows that the figure has two parallel
sides. For more on the names of figures, see the glossary in [Keller, 2000, vol. II].
24 This is not a standard way of noting parallel sides, since these names are not used for a rectangle.
25 See [Shukla, 1976, 69] for the text and diagram, translated and reproduced in [Keller, 2000, vol. II, BAB.2.9.ab]. This
diagram is not found in the manuscript KUOML Co 1712.
26 [Shukla, 1976, 69].
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“upright side” (kot
.
ı¯), which in this case appears lying down, is referred to as the “earth” (bhu¯mi).27 So
even when the right-angled triangle is rotated by 90◦, the “earth” remains the lowest horizontal segment
in the figure, while the base can also be a vertical segment.
Thus we have seen that, although no names are given to the vertices of geometrical figures in the
original text or the manuscripts, Bha¯skara can provide a diagram with an orientation by resorting to
cardinal directions. Renaming segments with technical words (such as bhu¯mi, mukha) may also have
been a way to provide an orientation. However, a certain level of confusion remains since one cannot
always discriminate between mirror images of diagrams.
3. Drawing diagrams
We have already noted the lack of accuracy and proportion in the diagrams of the manuscript
KUOML Co 1712. However, in Bha¯skara’s commentary on Verse 13 of the mathematical chapter of
the ¯Aryabhat
.
ı¯ya, techniques are described concerning the construction of triangles, quadrilaterals, and
circles with the help of strings and a pair of compasses, which would allow the construction of accurate
and proportional diagrams.28 Indeed, the first half of Verse 13 lists tools that can be used for sketching
diagrams29:
Ab.2.13.ab vr
.
ttam
.
bhramen
.
a sa¯dhyam
.
tribhujam
.
ca caturbhujam
.
ca karn
.
a¯bhya¯m |
A circle should be brought about with a pair of compasses, and a trilateral30 and a quadrilateral each 〈are
brought about〉 with two diagonals.
27 kot
.
ı¯ avasa¯nabhu¯mih
.
(. . .) bhuja¯ yas
.
t
.
ipradı¯pocchra¯yah
.
, i.e., “The level ground is the upright side (. . . ), the light upon a pole
is the base” [Shukla, 1976, 93].
28 BAB.2.13, translated into English in Appendix A.
29 [Shukla, 1976, 84].
30 A literal translation of the Sanskrit names of geometrical fields, such as “trilateral” instead of “triangle,” has been adopted
to retain the idea of this geometry, which relates to lines and areas and not to angles.
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information he gives us on compasses, and then on the construction of triangles and quadrilaterals with
the help of strings.
3.1. Compasses
¯Aryabhat
.
a’s name for compasses is bhrama, “a rolling 〈object〉.” Bha¯skara calls it a karkat
.
a or
karkat
.
aka, literally a “crab.” In his commentary on Verse 13, Bha¯skara gives only a brief description
of it31:
bhramas´abdena karkat
.
akah
.
parigr
.
hyate| tena karkat
.
akena samavr
.
ttam
.
ks
.
etram
.
parilekha¯prama¯n
.
ena
parimı¯yate|
With the word bhrama a pair of compasses (karkat
.
a) is understood. With that pair of compasses an evenly
circular field is delimited by the size of the outline (parilekha¯).
Elsewhere he is slightly more specific. Thus in his commentary on the latter half of Verse 9, he writes32:
asmin ca viracitamukhades´asitavartyan˙kurakarkat
.
ena a¯likhite chedyake. . .
And in this diagram, which is drawn with a compass (karkat
.
a) for which a sharp stick (vartyan˙kura)
secured (sita) at the mouth spot (mukhades´a) has been arranged. . .
According to the meanings we give to vartı¯ (or vartika¯; usually “wick of a lamp,” “paint-brush,”
or “chalk”) and to sita (“has been fastened,” “white color”), different readings of this description are
possible, and hence different images of compasses appear. We also do not know what the “mouth
spot” (mukhades´a) of the compass is. The same difficulties arise when we read the short description
in Bha¯skara’s commentary on Verse 1133:
tatha¯ ca paridhinis
.
pannam
.
ks
.
etram
.
karkat
.
akena viracitavartika¯mukhena likhyate
And thus a field produced by a circumference is drawn with a pair of compasses whose opening (mukha)
has a sharpened stick (viracitavartika¯).
We have adopted the uncommon reading of vartı¯ (or vartika¯, which we read as a synonym of vartı¯)
as “stick,” following Parames´vara’s interpretation of the compound vartika¯n˙kura.34 Parames´vara’s com-
passes are illustrated in Fig. 7.
31 [Shukla, 1976, 85].
32 [Shukla, 1976, 71].
33 [Shukla, 1976, 79].
34 Parames´vara is a well-known 15th-century astronomical commentator, who has authored many works (see [CESS,
vol. IV, pp. 187–192]). He wrote commentaries on Bha¯skara II’s works as well as on the ¯Aryabhat
.
ı¯ya (see [Kern, 1874]).
He also wrote a direct and a supercommentary on Bha¯skara I’s Maha¯bha¯skarı¯ya and a direct commentary on the same author’s
Laghubha¯skarı¯ya [Kuppanna Sastri, 1957], in which he describes how to make a pair of compasses. Since Parames´vara and
Bha¯skara are separated by almost 800 years and belong to distinct regional traditions, it is most probable that Parames´vara’s
compasses are different from those used by Bha¯skara. However, rather than letting our imagination run free, we have echoed
Parames´vara’s compasses in our translation of Bha¯skara’s descriptions, hoping that by giving more attention to the descrip-
288 A. Keller / Historia Mathematica 32 (2005) 275–302Fig. 7. A pair of compasses as described by Parames´vara.
3.2. Ropes or strings
Verse 13 of the mathematical chapter of the ¯Aryabhat
.
ı¯ya mentions constructions with strings
(su¯tras).35 This opens the question of the continuity between two separate traditions of Indian mathemat-
ics. Indeed, the oldest known mathematical texts in the Indian subcontinent, the s´ulbasu¯tras,36 described
how to delineate sacrificial areas with specific geometrical shapes using sticks and ropes. There seems
to be no other link between this ritual geometry and the ks
.
etragan
.
ita propounded here except for the use
of sticks and ropes in geometrical constructions. The question of the survival of the s´ulba mathematics
in ¯Aryabhat
.
a’s treatise and Bha¯skara’s commentary remains open to further research, as no other San-
skrit text dealing with geometry is known to us from the period in between. Bha¯skara’s commentary on
Verse 13 is quite straightforward when describing the construction of isosceles triangles and rectangles
(cf. the translation in Appendix A). The techniques of construction, however, seldom seem to have been
used or referred to in other parts of the commentary. In most cases, indeed, such methods could not be ap-
plied because they required the knowledge of the length of a height or a diagonal, from which the whole
figure was then drawn. Versified problems usually did not readily provide these data, which were only
found during the resolution. The question of why these techniques were described in the ¯Aryabhat
.
ı¯ya
therefore remains open.
3.3. Three-dimensional objects
Reference is also made, in the ¯Aryabhat
.
ı¯ya and its commentary, to three-dimensional artefacts,
whether practical objects or abstract figures. Bha¯skara, in his commentary on Verse 14, describes many
tion of such tools in commentaries, we will one day be able to describe regional differences and chronological evolutions of
compasses in the Indian subcontinent.
35 This is indeed the same word as the one used for aphoristic rules.
36 [Sen and Bag, 1983].
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in Bha¯skara’s commentary are represented as two-dimensional figures in the manuscripts and the printed
edition. But while describing a cube, Bha¯skara adds38:
as´rayo yasya mr
.
da¯nyena va¯ pradars´ayitavya¯h
.
/
Or its side should be shown with earth or something else.
This could be a reference to clay representations of a cube. Similarly, concerning the height of a
triangular-based regular pyramid he writes39:
tatra u¯rdhvabhuja¯ su¯trakaih
.
s´ala¯ka¯dibhir va¯ pradas´ayitavya¯/
In this case one should explain the “upward side” with strings, sticks, etc.
Also, a sphere is sometimes referred to as an iron ball (ayogud
.
a).
We have seen in Section 2.2 that it is not known if diagrams needed to be constructed with accuracy
or not. Such uncertainty can also be found concerning three-dimensional artefacts. Indeed, in some in-
stances, such as the real-material gnomons whose construction is detailed in Bha¯skara’s commentary,
the construction of an accurate three-dimensional object is crucial. However, when dealing with abstract,
generic three-dimensional objects, such as cubes and spheres, drawing accurate representations may not
have been deemed necessary. In any case, there are no such representations in the preserved manuscripts.
Thus sometimes accuracy is required and in other cases it seems that it was not. A similar inconsis-
tency occurs when, in the next section, we look at what the text tells us about the skill required to draw
figures.
3.4. Expertise and accuracy
In Bha¯skara’s text, only very few constructions of diagrams are described. More often than not, dia-
grams are placed in “setting-down” areas with no comment on the way they were constructed. In other
cases, they can be referred to without even, seemingly, being “set down.”40 Furthermore, constructions
are nearly always elusive,41 and as the methods described in BAB.2.13 are of no use in these cases, we
cannot reconstruct how the diagrams were effectively to be produced.
37 His description of ¯Aryabhat
.
a’s gnomons is discussed in [Keller, 2000, vol. II, Annex of BAB.2.14]. For astronomical instru-
ments one can refer to [ ¯Ohashi, 1994].
38 [Shukla, 1976, 51, line 5].
39 [Shukla, 1976, 59, lines 25–26].
40 In such cases neither Shukla’s edition nor the manuscripts consulted have diagrams. This is for instance the case for BAB.2.8,
as quoted below.
41 Two constructions of diagrams are described with some accuracy in Bha¯skara’s commentary. One can refer to BAB.2.11
([Shukla, 1976, 78 sqq] for the Sanskrit, [Keller, 2000, vol. II, BAB.2.11] for an English translation), whose diagram is repro-
duced in Fig. 13 (p. 296), and, to BAB.2.3.ab ([Shukla, 1976, 48] for the Sanskrit, and [Keller, 2000, vol. II, BAB.2.3.ab] for
an English translation), whose diagram is reproduced in Fig. 8.
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Fig. 8. A diagram for the dull-minded.
Occasionally however, the necessary expertise to draw diagrams is mentioned. For instance in his
commentary on Verse 8, Bha¯skara comments on the computation,42 in a trapezium, of the two segments
of the height defined by the point of intersection of its diagonals. In the ¯Aryabhat
.
ı¯ya these two segments
are called svapa¯talekha¯, the “lines on their own falling” (cf. Fig. 9 (p. 292)). Bha¯skara writes43:
samyaga¯dis
.
t
.
ena a¯likhite ks
.
etre svapa¯talekha¯prama¯n
.
am
.
traira¯s´ikagan
.
itena pratipa¯dayitavyam/
The size of the “lines on their own falling” is explained with a Rule of Three in a field drawn by a properly
instructed person.
Thus, in this case, a specialist is required to make (and comment on) a diagram. But in another case
the use of a mathematical drawing is despised. Indeed, at the end of the textual description of the diagram
reproduced in Fig. 8, in his commentary of the first half of Verse 3, Bha¯skara writes44:
durvidagdhapratya¯yana¯ya ca ks
.
etram a¯likhyate
And to convince the dull-minded, a field is drawn.
Thus, in this case, Bha¯skara does not appear to deem a diagram necessary, and seemingly prefers a
mental representation of the figure over its actual drawing.
How then should we understand the various standards that can be found in Bha¯skara’s text concerning
both expertise and accuracy? The situation becomes even more entangled when we consider the vague-
ness of the diagrams of the manuscript KUOML Co 1712. Diagrams may have been constructed with
accuracy when one had to work with them, but such precision may have not been required when dia-
grams were transmitted via the manuscripts of copied commentaries. Or maybe scribes did not have the
42 In the following, I will systematically call “computation” those calculations dealing with the lengths of geometrical entities.
Even though it is not relevant to the present article, I would like to maintain the distinction between these calculations, which
do not deal solely with numbers, and others.
43 [Shukla, 1976, 63, line 17].
44 [Shukla, 1976, 48, line 16].
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diagram was required but in other cases this was not necessary. Examining in all cases the exact func-
tion of diagrams in Bha¯skara’s geometry should help in discriminating among the different requirements
concerning accuracy and thus allow us to draw conclusions about the expertise required to construct di-
agrams. Therefore we will now try to understand what was, according to the commentator, the role of
diagrams in geometry.
4. Using diagrams
As was indicated in Section 1.2, most of the diagrams in Bha¯skara’s commentary (73%) can be found
in the “setting-down” part of solved examples. Consequently, the function they fulfill, i.e., what one is
supposed to do with them, is not stated explicitly in these cases. Diagrams indeed appear as common
mathematical objects whose status does not require any explanation. By analyzing the context in which
diagrams are found, we shall see that they can have many functions: a diagram can be a tool to specify
a definition, a summary of a process, an object in which a procedure is carried out, or even a proof.
4.1. Specifying a definition
We have mentioned drawings of triangles, trapeziums, etc. Are diagrams then representations of geo-
metrical figures? Bha¯skara’s commentary contains textual definitions of geometrical figures, which are
usually stated in the “general commentary” of a verse. Bha¯skara elaborates a definition when he discusses
the word used in the ¯Aryabhatı¯ya to name a certain mathematical object. He then attempts to determine
whether the “right word” is used to designate that object.45 For instance, ¯Aryabhat
.
a, when providing a
rule to compute the area of triangles in the first half of Verse 6, uses the word samadalakot
.
i, literally
“equally halving height,” for their heights. Does this term imply that he only considers equilateral and
isosceles triangles? Should this word be understood as meaning technically the height of any triangle?
Bha¯skara raises and discusses all these questions in his commentary on this verse half.46 By thus arguing
to determine if samadalakot
.
i is the right word to name the height of a triangle, Bha¯skara in fact defines a
triangle by characterizing the segments it is made of.
This reveals that Bha¯skara considers that there is an illustrative quality to ¯Aryabhat
.
a’s technical vo-
cabulary as well as to his own.47 Indeed, each figure bears specific names for the segments that outline
it, and which appear to define it along with an inner “height.” For instance, a trapezium is defined by
an “earth” (bhu¯) parallel to a “face” (mukha), and its lateral sides. These are called “flanks” (pa¯rs´va) by
¯Aryabhat
.
a, and “ears” or “diagonals” (karn
.
a) by Bha¯skara. The trapezium is distinguished from an arbi-
trary quadrilateral by the fact that its two parallel heights (a¯ya¯ma) are equal. Furthermore, as mentioned
in Section 3.4 above, ¯Aryabhat
.
a gives a rule to compute the length of two segments of the height of a
trapezium: the segments have as vertices the point of intersection of the diagonals and “fall” respectively
45 [Keller, 2000, vol. I, 1.7].
46 See [Shukla, 1976, 55, line 4 sqq] for the Sanskrit, [Keller, 2000, vol. II, BAB.2.6.ab] for an English translation.
47 This expressive aspect of the mathematical language is striking for the reader of today, who is used to a vocabulary that
restricts itself to technical meanings without conveying images. This has also been emphasized in [Filliozat, 1988, 257–258].
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on the two parallel sides; they are called the “lines on their own falling” (svapa¯talekha). This is illustrated
in Fig. 9.
Similarly, there are three classes of triangles: those whose sides are all equal (sama, e.g., equilater-
als), those which have two equal sides (dvisama, e.g., isosceles), and scalene ones (vis
.
ama). The “base”
(bhuja¯) or “earth” (bhu¯) is distinguished from the other two sides (pa¯rs´va, “flanks,” or karn
.
a, “ear,”
“diagonal”) by the fact that the “height” (avalambaka) falls on it.
Thus, the text sometimes seems to refer implicitly to a virtual diagram, which can easily be imag-
ined because of the expressive quality of the vocabulary. However, if names of geometrical figures and
segments suggest a drawing, they can sometimes be deceitful. Thus, in one case, specific figures (and
maybe their diagrams) are used to invalidate the virtual representation of a figure that is suggested
by words. Indeed, the word used for geometrical squares in ¯Aryabhat
.
a’s treatise is samacaturas´ra or
“equiquadrilateral.” Bha¯skara proceeds to define a geometrical square by elimination. He thus describes
“equiquadrilaterals” that are not squares48:
kva anyatra anis
.
t
.
asya samacaturas´raks
.
etravis´es
.
asya vargasam
.
j na¯prasan˙gah
.
? ucyate—asamakarn
.
asya
samacaturas´raks
.
etravis´es
.
asya asya/ dvisamatryas´raks
.
etrasya samunnatavadavasthitasya asya/
When, in the other case, is it possible 〈to give〉 the name “square” to an undesirable kind of equiquadrilat-
eral field? This is said: “This kind of equiquadrilateral with different diagonals has 〈that name〉, and this
〈field made of〉 two equitrilateral fields placed as if upraised, has 〈that name〉.49
He refers to these nonsquare figures by using the demonstrative pronoun ayam, which is used for
objects that are close by. These figures are illustrated in the manuscript KUOML Co 1712 and in the
printed edition, as seen in Fig. 10.
48 BAB.2.3.ab, [Shukla, 1976, 48].
49 [Shukla, 1976, 47–48].
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Fig. 10. Two equiquadrilaterals that are not squares.
We may infer that Bha¯skara’s original text included them. He ends the discussion by explaining that
squares are “equilateral quadrilaterals with equal diagonals.” He has thus characterized a square by first
looking at what it is not, before providing a positive definition.
However, what in particular attracts our attention here is that figures are used to specify (and correct)
representations that are suggested by the vocabulary. As Bha¯skara defines a square, figures are used to
invalidate a mental visualization that could be induced by the expressive quality of the terminology. This
suggests that diagrams, real or mental, were used.
In a different manner, in his commentaries on the verses on series, Bha¯skara provides diagrams which
illustrate the geometrical quality of ¯Aryabhat
.
a’s vocabulary. Indeed, ¯Aryabhat
.
a describes series as “piles”
(citi, upaciti) of objects.50 For example, he describes sums of square numbers as solid piles of square
objects (vargacitighana), the sums of the square numbers being the sums of the areas of these square
objects. Similarly, the sums of cube numbers are seen as solid piles of cube objects (ghanacitighana),
the sums of the cubes being the sums of the volumes of the cube objects. Series, in Bha¯skara’s inter-
pretation, are both arithmetical and geometrical objects, and he often gives an arithmetical interpretation
of ¯Aryabhat
.
a’s vocabulary.51 However, the examples contained in the commentary on verses concerning
series all have “setting-down” parts with diagrams in the manuscripts. The diagrams that can be found in
KUOML Co 1712 illustrate these piles by representing them in a two-dimensional projection. The “sums
of squares and cubes” are illustrated in Fig. 11, where the top diagrams represent piles of squares and the
bottom diagrams piles of cubes. Note the severe damage of the manuscript in the reproduction at the top,
which testifies to the bad state of the manuscript.
Summing up, diagrams and characterizations of geometrical figures seem to have been closely linked.
In one instance, diagrams are a way of invalidating figures described by misleading terminology, in other
cases diagrams are simply representations of new geometrical figures.
But diagrams and definitions can also be linked in another way. As noted above, the differences
between various types of quadrilaterals or various types of triangles are characterized by their inner seg-
ments: a square has equal diagonals, whereas a trapezium has equal heights; the heights of an equilateral
and an isosceles triangle are bisectors of the base, which is not the case for scalene ones, etc. In the same
way a circle is always defined by its “semidiameter” (vya¯sa¯rdha) and “circumference” (parin
.
a¯ha). It
could thus be that geometrical figures in general were characterized by their inner segments. The impor-
tance given to inner segments can also be seen in the first half of Verse 13, where ¯Aryabhat
.
a indicates that
50 See BAB.2.21, [Shukla, 1976, 109–110; Keller, 2000, vol. II, BAB.2.21], and BAB.2.22, [Shukla, 1976, 110–112; Keller,
2000, vol. II, BAB.2.22].
51 [Keller, 2000, vol. I, 2.4.4].
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Fig. 11. Piles of squares and cubes.
triangles and quadrilaterals should be constructed from “diagonals” (karn
.
a). Indeed, whereas a karn
.
a is
a hypotenuse or a side in a triangle and a trapezium, in other instances and more generally it refers to the
inner diagonals of a quadrilateral figure. Consequently, Bha¯skara’s commentary on this part of Verse 13
(translated in Appendix A) describes the construction of fields which rest on their inner segments. We
thus conclude that inner segments were not only used to define a figure, but also to construct its diagram.
Therefore, definitions of geometrical figures and diagrams implicitly seem to complete and confirm
one another. We have seen that diagrams could be used to rectify definitions, and conversely definitions
would have enabled the construction of correct diagrams. But other functions seem to have been ascribed
to diagrams as well, as we will see below.
4.2. Summarizing a process
Solved examples in Bha¯skara’s commentary on a verse not only were illustrations of a procedure, but
also gave a specific meaning to what had been explained in an abstract and general manner beforehand.52
Now, in the “setting-down” part of solved geometrical examples (in Bha¯skara’s sense), diagrams, to
which several functions could be ascribed, are drawn.
As an example, Fig. 12 shows the “setting-down” part of a problem which requires the area of three
equilateral triangles knowing the lengths of their sides. In the edition as well as in the manuscript
KUOML Co 1712, the length of the sides is indicated by numbers noted within the diagram. But there
is more to the diagram in the manuscript than just a summary of the problem to be solved: in fact, it
illustrates the whole procedure for finding the solution. Indeed, to compute the area of these triangles
52 [Keller, 2000, vol. I, 2.6].
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Fig. 12. Triangles.
one needs the lengths of the heights, which are unknown. The diagrams in the manuscript represent the
heights without any number. They thus show simultaneously what is known and what is sought. They
summarize the problem but also illustrate each step of the reasoning which has to be followed to solve it.
Additionally, the reproduction in Fig. 12 suggests that triangles were thought of as including their heights
by both the scribe of the manuscript and Bha¯skara.
Thus diagrams of the “setting-down” parts of solved examples are not simple, transparent transcrip-
tions of written problems. We have seen an example where a diagram could summarize the procedure
that had to be followed to solve the problem. In one specific case, to which we will turn now, a procedure
is described as taking place within a diagram.
4.3. Illustrating, explaining, or guiding a process
In Verse 11 of the mathematical chapter, ¯Aryabhat
.
a provides a derivation of sines using “trilaterals
and quadrilaterals.” In his commentary on Verse 11, Bha¯skara describes the construction of a diagram
that will be used to carry out this procedure (see Fig. 13). He then spells out a computation to derive half-
chords with the help of the diagram. This procedure uses the right-angled triangles that can be drawn
in a circle to compute, with the help of the Pythagorean procedure, half-chords or sines.53 To compute
the values of different sines, different angular arcs are considered. Several uniform subdivisions of the
circumference of the circle are used, and different multiples of these subdivisions serve as angular arcs
for the sines to be computed. A classical measure unit is used to subdivide the circumference: the ra¯s´i,
1/12th of the circumference of a circle.
In this case, then, the procedure is carried out within a geometrical figure. And a diagram is constructed
to represent this figure and to carry out the procedure. After his description of the construction of the
diagram, Bha¯skara writes
evam a¯likhite ks
.
etre sarvam
.
pradars´ayitavyam
In the field drawn in this way all is to be shown.
53 In fact these are “Rsines,” that is sines multiplied by the value R of the radius of the circle. For more on this computation,
see [Keller, 2000, Annex of BAB.2.11].
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Fig. 13. Derivation of half-chords.
The verb used to express “to show,” pradr
.
s
.
-, has the same ambiguities as its English counterpart: it can
mean “to make visible,” but also “to explain.” We can then understand that the function of this diagram
is to be a visual aid, a place where the process is explained and understood as it is worked out.
In the diagram whose construction is described by Bha¯skara and which is reproduced in Fig. 13,
whole ra¯s´is are represented. However, in the process that Bha¯skara details, repeated bisections of ra¯s´is
are used. Thus, immediately after presenting the diagram, the commentator describes a process where the
arcs considered are multiples of half a ra¯s´i. He then considers the same process, but with arcs which are
multiples of a quarter of a ra¯s´i, and then of one eighth of a ra¯s´i.54 Thus, the diagram that Bha¯skara has
constructed does not represent the given computations directly, since its subdivisions are whole ra¯s´is.
In this sense it is like a general model from which all specific cases can be understood. It does not
show the actual computation to be carried out, but it still can be used to guide the process as a heuristic
tool.
Therefore, the function of such a diagram is hybrid: we cannot be certain whether it illustrates the
process or explains it. As we will now see, the borderline between an illustrative diagram and an ex-
planatory diagram is almost impossible to draw.
4.4. Understanding a rule
Sometimes diagrams in the “setting-down” parts of solved examples not only summarize the algorithm
to be carried out but also seem to explain the process altogether. For instance, as already mentioned (in
Section 10), the diagrams illustrating the examples of the commentary on Verse 22, reproduced in Fig. 11,
provide immediately an explanation of the geometrical aspect of series: piles of square and cubic objects
represent the sums of numerical squares and cubes.
In a very different way, as another example, in Verse 9 of the mathematical chapter ¯Aryabhat
.
a provides
a “verification” (pratyayakaran
.
a, lit. “producing conviction”)55 of the areas of all geometrical fields. For
each verification, and at each stage of the reasoning, the commentary on this verse uses diagrams. Thus,
“setting-down” announcements can be found continuously. Let us observe one of these diagrams in its
54 For example, he computes half-chords of 3/8 of a ra¯s´i, or 11/4 of a ra¯s´i.
55 A first attempt at analyzing this mode of reasoning can be found in [Keller, 2000, vol. I, 1].
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two verifications of this area. Concerning the second method, he writes56:
athava¯ a¯yatacaturas´raks
.
etrayor ardhaks
.
etraphalasam
.
yogo ’sya phalam|
tayor dvayoh
.
pañcavista¯rasya dva¯das´a¯ya¯masyaikasya,
dvitiya¯sya¯pi navavista¯rsya dva¯das´a¯ya¯masya¯rdhaks
.
etraphalasam
.
yogo ’sya phalam|
tayor dvayoh
.
pañcavista¯rasya dva¯das´a¯yamasyaikasya dvitı¯yasya¯pi navavista¯rasya
dva¯das´a¯yamasya nya¯sah
.
–
Or else, its area is the sum of half the areas of two rectangular fields. This area 〈of the trilateral〉 is the sum
of half the areas of these two 〈rectangles〉, the one whose width is five and length twelve, and the second
one also, whose width is nine and length twelve.
Setting down these two fields, the first one whose width is five and length twelve, and also the second
whose width is nine and length twelve:
Shukla, 1976, p. 69 KUOML Co 1712, Folio 42 verso
The diagram, already reproduced as the upper half of Fig. 3 (p. 283), summarizes the problem. It gives
the lengths of the known sides, it shows the two rectangles whose areas will be computed, and it also
shows how half the areas of each of these two rectangles add up to give the area of the triangle. Such a
diagram, explicitly, is used to explain a reasoning. We have thus seen that the diagrams which illustrate
a process (sometimes specifically within an example) can also be used to explain this very process. In
fact, certain diagrams seem to have only this purpose, as we will see in the next section.
4.5. Seeing, showing, or proving
We have mentioned above that Bha¯skara’s commentary contains a specific kind of reasoning,
a pratyayakaran
.
a, which, in the secondary literature, is commonly called a “verification.” Indeed,
Bha¯skara discusses procedures justifying the correctness of ¯Aryabhat
.
a’s rules for computing the areas
of plane figures, the interest on capital, and several other quantities.57 Later Sanskrit commentaries will
sometimes include systematic proofs, but this is not the case in Bha¯skara’s commentary, where proofs
are more often only alluded to than actually developed. However, all fragments of proof that are found in
Bha¯skara’s commentary include a step where the mathematical properties are represented and “shown”
within a diagram.
56 [Shukla, 1976, 69].
57 [Keller, 2000, vol. I, 1.8].
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one sixth of the circumference of a circle with its radius, mentions a diagram in which an explanation is
carried out58:
eta¯m eva s
.
ad
.
bha¯gajya¯m
.
pratipa¯dayis
.
ata¯ vr
.
ttaks
.
etre s
.
at
.
samatryas´riks
.
etra¯n
.
i prasan˙gena pradars´ita¯ni|
In a circular field, six equitrilateral fields have been shown (pradars´ita) incidentally by one who wishes to
explain (pratipa¯dayis
.
ata¯) this very chord of the sixth part.
Similarly, in his commentary on the second half of Verse 17, Bha¯skara announces an explanation for a
procedure for computing segments in a circle within the traditional problem of “Hawks and Rats,”59 and
then immediately produces a diagram60:
tat tu pradars´yate - nya¯sah
.
-
And that is explained:
Setting down:
Shukla, 1976, p. 98 KUOML Co 1712, Folio 59 verso
The diagram bears neither numbers nor letters, because it represents a general geometrical situation.
Finally, the only sentence in which the word “proof” (upapatti) is used refers to a diagram in which
this proof should be carried out. Bha¯skara considers two similar triangles and, wanting to compute the
length of one of the sides of these triangles with a Rule of Three, writes61:
58 [Shukla, 1976, 71, lines 12–13; Keller, 2000, vol. II, BAB.2.9cd].
59 A hawk at a certain height sees a rat, whose hole is just under the hawk. Seeing the hawk, the rat attempts to run back to
its hole, but is killed by the hawk flying in a straight line. This situation is represented in a circle, in which both the hawk and
the rat are initially on opposite sides of the circumference. The height of the hawk is a half-chord, and the rat moves along a
horizontal diameter which makes a right angle with the hawk’s half-chord. The hawk catches the rat in the center of the circle
by flying along the hypotenuse of the thus formed right-angled triangle. Both the distance covered by the hawk and the distance
left for the rat to his hole are sought.
60 [Shukla, 1976, 98; Keller, 2000, vol. II, BAB.2.17.cd]. In this case, the diagram is followed by a reasoning which has been
studied in [Keller, 2000, vol. I, 1.8.4].
61 [Shukla, 1976, 59, line 3; Keller, 2000, vol. II, BAB.2.6.cd].
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.
ks
.
etranya¯sah
.
-
In order to show the proof of 〈that〉 Rule of Three, a field is set down:
(followed by the diagram).
As in most cases, the diagram is not followed by any reasoning.
Therefore, it seems that what—to us—is the crucial moment of explanation in geometry belonged to
the oral sphere in Bha¯skara’s mind, and would have been based on a diagram. Since the explanation was
oral, we cannot say more about the proofs without fictionalizing the process.
5. Conclusion
We have seen that diagrams were common objects in Bha¯skara’s mathematical practice. They were
used in a matter-of-fact way, mostly in the “setting-down” part of solved examples, where numbers or
drawings were disposed in order to solve problems, thus representing a working surface within the text.
Therefore, the role of diagrams in geometry is not explicitly given by the commentator.
However, a diagram in Bha¯skara’s commentary is not a transparent unambiguous transposition of a
written process. We saw that diagrams represented in the manuscript KUOML Co 1712 could not only
summarize a problem, but also indicate the process to solve it. Thus, they could be seen as tools to under-
stand a process or to explain it. In Bha¯skara’s text, diagrams have an explicatory, even a demonstrative
function. However, because these explanations were probably oral, the diagram is the only trace that is
left of them. Considering that the surviving diagrams are found in manuscripts more than a thousand
years older than the original text itself, this means that, in the case of Bha¯skara’s text, these explanations
are impossible to recover.
We do not know with what degree of precision diagrams were drawn. Indeed, there is an apparent con-
tradiction between, on the one hand, specific rules of construction found in the commentary on Verse 13
and, on the other, the fact that, in most cases, these methods could not be applied. If diagrams were meant
to visualize a process or to provide an explanation for it, they did not need to be drawn with accuracy.
This leaves open the question why a precise but ineffective process to draw diagrams was given in the
treatise and expounded in the commentary. Possibly the “setting down” parts of solved examples differed
from what was effectively done on the working surface, on which diagrams were not only drawn but
also used. In the manuscripts, diagrams are representations of working objects, not the working objects
themselves. As such, they could be less precise than the real working objects.
We have noted how far diagrams are removed from the words of the problems they are associated
with. This distance is but an aspect of the complex relationship that diagrams in Bha¯skara’s commentary
seem to have with speech. Thus the vocabulary associated with geometrical figures is full of imagery,
but can induce false representations. Diagrams could then be used to contradict such false mental visu-
alizations. We have also seen how difficult it is to separate the definition of a geometrical figure from its
representation in a diagram. Definition and diagram complete one another.
Finally, diagrams appear as bridges linking the mathematical text to the larger context of the people
who used them and the place where they were used. Who could provide the explanation that was as-
sociated with a diagram? To whom was the explanation given? On what surfaces did people work and
within what type of institution? These are some of the questions, among many others, which remain to
be explored.
300 A. Keller / Historia Mathematica 32 (2005) 275–302Acknowledgments
I thank Karine Chemla for having drawn my attention to this subject and for her enlightening com-
ments on the first draft of the present article. I am very grateful to Takao Hayashi, who extensively
worked through the Sanskrit text of Bha¯skara’s commentary with me and without whom this analysis
could not have been made. I also thank the KUOML and its staff members for their help. My gratitude
extends to Dale Rowe and Gilles Robel for making an attempt to improve my English, and furthermore
to the second referee and the editor for their meticulous and incisive remarks, which have enabled me to
further articulate what I had to say.
Appendix A. Bha¯skara’s description of the construction of triangles and quadrilaterals
In his commentary on Verse 13 of the mathematical chapter of the ¯Aryabhat
.
ı¯ya, Bha¯skara describes
two methods to construct geometrical figures, to which I have repeatedly referred in Section 3. This is the
only part of Bha¯skara’s commentary which deals solely with diagrams. Because it is a bit long, I include
a complete translation in this appendix.62
Having stretched a string (su¯tra) on level ground one should make a line (rekha). And that is:
Figure 30.
Here, with a pair of compasses (karkat
.
aka) which is placed on both tips 〈of the line〉, a fish should be
produced.
A perpendicular is a second string which goes from the mouth to the tail of this 〈fish〉:
Figure 31.
Having appointed one tip of a string on the extremity 〈of the fish〉, having appointed the second tip 〈of the
string〉 firmly on the tip of the base, one should make a line. On the second tip 〈of the base〉, too, it is just in
that way. In this way, there are two diagonal strings. With those two diagonal strings a trilateral is brought
62 [Shukla, 1976, 84–87]. I have translated the labels attached by the editor to the figures in the commentary. The diagrams are
reproductions of the diagrams in the printed edition, because those in the KUOML manuscript are mostly missing.
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Figure 32.
In 〈the case of〉 a quadrilateral, one should stretch obliquely a string which is equal to [the diagonal of] the
desired quadrilateral. And that string is:
Figure 33.
One should stretch obliquely the second 〈string〉 too. A cross (svastika) is produced from the middle of
that 〈first string〉. And therefore there are two diagonal strings:
Figure 34.
The sides (pa¯rs´va) of these two 〈strings〉 are filled in, 〈and〉 a quadrilateral field is produced:
Figure 35.
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